Abstract. We determine the solutions f : S Ñ H of the following functional equation f pxyq`f pσpyqxq " 2f pxq, x, y P S, and the solutions f1, f2, f3 : M Ñ H of the functional equation
Introduction
A first extension of Jensen's functional equation on the real line is the equation (1.1) f pxyq`f pxy´1q " 2f pxq,
where f maps a group G into an abelian group H ( [1] ). Other extensions are the equation (1.2) f pxyq`f py´1xq " 2f pxq, and the Pexider-Jensen functional equation
(1.3) f 1 pxyq`f 2 pxy´1q " 2f 3 pxq.
The equation (1.1) has been studied by many authors under various assumptions [5, 6, 7, 10, 12, 13] and the equations (1.2) and (1.3) have been accomplished by Ng, respectively, in [8] and [9] . A bibliography considering the Jensen's equation can be found in a survey paper of H. Stetkaer [15] . Let S be a semigroup, (H,`q an abelian group, and σ an involutive automorphism of S. We shall find the solutions f : S Ñ H of the following variant of Jensen's functional equation (1.4) f pxyq`f pσpyqxq " 2f pxq, x, y P S.
This equation, in the case where S is a commutative semigroup, has been solved by P. Sinopoulos in [11] . By elementary methods we find all solutions of (1.4) on semigroup, in terms of additive functions. This contrasts the solutions of the functional equation (1.1), where other conditions on the non-abelian group or on the function f must be assumed (see [15, Example 12.4] ). Our formulas for solutions of (1.4) on semigroups are the same as those on abelian groups, so that our results constitute a natural extension of earlier results of, e.g., [11] , from the abelian to the non-abelian case.
In Section 4, we shall find the solutions of the variant of pexiderized Jensen functional equation
where M is a monoid (that is a semigroup with identity), for unknown functions [2, 3, 4, 14, 16, 17, 18] have been an inspiration in their treatment of similar functional equations on groups and semigroups.
Notation and terminology
Throughout this paper pH,`q denotes an abelian group with neutral element 0 and S a semigroup (a set with an associative composition rule). We say that H is 2-torsion free if rh P H and 2h " 0s ñ h " 0. A monoid is a semigroup S with an identity element that we denote e, that is an element such that ex " xe " x for all x P S.
The map σ : S Ñ S denotes an involutive automorphism, where involutive means that σpσpxqq " x for all x P S. It is easy to derive that σpeq " e for any involutory automorphism σ : S Ñ S (see [15, Lemma A.31] ). If pG,`q is an abelian group, then the inversion σpxq :"´x is an example of an involutive automorphism. Another example is the complex conjugation map on the multiplicative group of nonzero complex numbers. For more examples of involutive automorphisms we refer, e.g., to [2] .
For any function F : S Ñ H, we say that F is σ-even if F˝σ " F , and σ-odd if F˝σ "´F .
Finally, a function a : S Ñ H is said to be additive if apxyq " apxq`apyq for all x, y P S.
On the variant of Jensen's functional equation
In this section, we solve the variant (1.4) of Jensen's functional equation on an arbitrary semigroups. For abelian case it generalizes many results (see, e.g., [11, Theorem 2] and [15, Corollary 12. 12 paq]). Here, we derive some properties of its solutions.
Lemma 3.1. Let S be a semigroup, let σ be an involutive automorphism on S, and let f : S Ñ H be a solution of the functional equation p1.4q. For all x, y, z P S we have: paq
2f pxyzq " 2f pxq`2f pzq´2f pσpyqq.
pbq 2f pxyzq " 2f pzyxq. In particular 2f px 2 yq " 2f pyx 2 q. pcq The function t Þ Ñ 2f pxtq´2f pxq is additive.
Proof. paq Making the substitutions px, yzq, pσpyq, σpzqxq, and pz, σpxyqq in (1.4), we get, respectively f pxyzq`f pσpyzqxq " 2f pxq, f pσpyzqxq`f pzσpxyqq " 2f pσpyqq, f pzσpxyqq`f pxyzq " 2f pzq.
Subtracting the middle identity from the sum of the other two we get (3.1). pbq is an immediate consequence of paq. pcq Making the substitutions pxy, zq, pσpzqx, yq, and px, yzq in (1.4), we get respectively f pxyzq`f pσpzqxyq " 2f pxyq, f pσpzqxyq`f pσpyzqxq " 2f pσpzqxq " 2r2f pxq´f pxzqs, f pxyzq`f pσpyzqxq " 2f pxq.
Subtracting the middle identity from the sum of the other two we get that 2f pxyzq´2f pxq " r2f pxyq´2f pxqs`r2f pxzq´2f pxqs.
This shows that the function t Þ Ñ 2f pxtq´2f pxq is additive.
Theorem 3.2. Let S be a semigroup, let σ be an involutive automorphism on S, and suppose that H is 2-torsion free. The solutions f : S Ñ H of p1.4q are the maps of the form f " a`c, where a : S Ñ H is an additive map such that a˝σ "´a, and where c P H is a constant. If f is a σ-odd solution, then c " 0, so that f " a is additive.
Proof. Fixing x 0 P S. Using Lemma 3.1pcq and the fact that H is 2-torsion free, we see that the function apxq :" f px 2 0 xq´f px 2 0 q is additive, and by Lemma 3.1paq we arrive at apxq " f px 0 q`f pxq´f pσpx 0 qq´f px 2 0 q. So f pxq " apxq`f px 2 0 q`f pσpx 0 qq´f px 0 q " apxq`c, where c " f px 2 0 q`f pσpx 0 qq´f px 0 q " f px 2 0 σpx 2 oP H. Furthermore, using Lemma 3.1pbq and (1.4) we get pa˝σqpxq " apσpxqq " f px The other direction of the proof is trivial to verify.
On the variant of a Pexider-Jensen functional equation
In this section, we first find out the general solutions f, h : M Ñ H of the functional equation
where M is a monoid and H is 2-torsion free. This result will be applied to the proof of Theorem 4.3 in which the variant of Jensen's functional equation of Pexider type (1.5) will be solved. It will be convenient to have a way of referring to solutions θ : M Ñ H of the homogeneous equation
so we let N pM, σq denote the set of its solutions.
Proposition 4.1. Let M be a monoid, let σ be an involutive automorphism on M , and suppose that H is 2-torsion free. The functions f, h : M Ñ H satisfy the functional equation p4.1q if and only if there exist an additive function a : M Ñ H with a˝σ "´a and a function θ P N pM, σq such that f " a`θ and h " a.
Proof. Let pf, hq be a solution of (4.1). Let us first observe that hpeq " 0 (to get this replace y by e in (4.1) and using that H is 2-torsion free). We next make the substitutions px, yzq, pσpyq, σpzqxq, and pz, σpxyqq in (4.1) and we get, respectively f pxyzq´f pσpyzqxq " 2hpyzq, f pσpyzqxq´f pzσpxyqq " 2hpσpzqxq, f pzσpxyqq´f pxyzq " 2hpσpxyqq.
Summing these three equations results in 0 " 2hpyzq`2hpσpzqxq`2hpσpxyqq.
Using here that H is 2-torsion free, we obtain the equaliltý hpσpxyqq " hpσpzqxq`hpyzq, from which we get (with x " y " e) that h is σ-odd, and then it follows also (with z " e) that h is additive, say h " a where a is a σ-odd additive function on M . Then (4.1) implies f pxyq´f pσpyqxq " 2apyq, f pxyq´f pσpyqxq " apxyq´apσpyqxq.
Defining θ :" f´a, we see that θ P N pM, σq and arrive at the solution stated in Proposition 4.1. Conversely, simple computations prove that the formulas above for f and h define solutions of (4.1).
As a consequence of Proposition 4.1, we determine the solutions f, g, h : M Ñ H of the functional equation (1.6) . This equation, in the case where M is an abelian group and H " C, has been solved by H. Stetkaer in [12, Proposition V. 3] . The solution formulas obtained here are the same as in [12] so that no new phenomena emerge; the new result is that the solution formulas extend from abelian groups to arbitrary monoids and from C to more general structures.
Corollary 4.2. Let M be a monoid, let σ be an involutive automorphism on M , and suppose that H is 2-torsion free. The functions f, g, h : M Ñ H satisfy the functional equation p1.6q if and only if there exist an additive function a : M Ñ H with a˝σ "´a, a function θ P N pM, σq, and a constant c P H such that f " a`θ, g " c, h " a´c.
Proof. Checking that the stated triplet of functions satisfy (1.6) is done by elementary calculations, that we leave out. Conversely, assume that f, g, h are solutions of the functional equation (1.6). Taking y " e in (1.6) we see that 2gpxq`2hpeq " 0 for all x P M , which implies that g is a constant, say g " c where c :"´hpeq P H. Hence the equation (1.6) becomes f pxyq´f pσpyqxq " 2rhpyq`cs, x, y P M.
According to Proposition 4.1, there exist an additive function a : M Ñ H with a˝σ "´a and a function θ P N pM, σq such that f " a`θ and h`c " a. Which ends the proof.
The following theorem solves the functional equation (1.5) which is a pexiderized form of (1.4).
Theorem 4.3. Let M be a monoid, let σ be an involutive automorphism on M , and suppose that H is 2-torsion free. The functions f 1 , f 2 , f 3 : M Ñ H satisfy the functional equation p1.5q if and only if there exist an additive function a : M Ñ H with a˝σ "´a, a function θ P N pM, σq, and constants c 1 , c 2 , c 3 P H such that
Proof. We first assume that f 1 , f 2 , f 3 are solutions of the functional equation (1.5). Define c i " f i peq for i " 1, 2, 3. Putting x " y " e in (1.5) yields relation (4.2). For i " 1, 2, 3 define F i " f i´ci . Then we have F i peq " 0 for i " 1, 2, 3. It follows from (1.5) and (4.2) that the F i 's satisfy (1.5), i.e., (4.3) F 1 pxyq`F 2 pσpyqxq " 2F 3 pxq, x, y P M.
In the last equation, we first replace y by e, then x by e, we obtain F 1`F2 " 2F 3 , F 1`F2˝σ " 2F 3 peq " 0.
Replacing F 1 by´F 2˝σ in (4.3), we get F 2 pσpyqxq´F 2 pσpxqσpyqq " 2F 3 pxq, x, y P M.
Replacing here y by σpxq and x by y, we obtain F 2 pxyq´F 2 pσpyqxq " 2F 3 pyq, x, y P M.
According to Proposition 4.1, there exist an additive function a : M Ñ H with a˝σ "´a and a function θ P N pM, σq such that F 2 " a`θ and F 3 " a. Thus F 1 " 2F 3´F2 " a´θ. Consequently, the relations stated in Theorem 4.3 are true in view of these identity.
Conversely, if there exist an additive function a : M Ñ H with a˝σ "´a, a function θ P N pM, σq, and constants c 1 , c 2 , c 3 P H with the relations stated in Theorem 4.3, we may easily check that the f i 's satisfy (1.5).
